We study non perturbative superpotentials for N = 1 super Yang Mills from the point of view of large N dualities. Starting with open topological strings we work out the relation between the closed string sector dilaton tadpole, which appears in the annulus amplitude, and NSNS fluxes in the closed string dual on the resolved conifold. For the mirror closed string dual version on the deformed conifold we derive, for a non vanishing G 3 form, the N supersymmetric vacua and the transformations of G 3 through domain walls. Finally, as an extension of Fischler Susskind mechanism we find a direct relation between the dilaton tadpole and the geometric warping factors induced by the gravitational backreaction of NSNS fluxes.
Introduction
The recent progress in the understanding of large N dualities [1, 2, 3] provides important hints for solving the mass gap dynamical generation problem in N = 1 supersymmetric gauge theories, more precisely the gaugino condensate problem. There are two complementary main avenues that have been worked out in the last few years. One based on holographic duals [4, 5, 6] where the dynamically generated scale of N = 1 super Yang Mills is directly related to the size of some internal target space-time cycle. The other approach [7, 8] is based on Gopakumar-Vafa [3] large N duality. The main point in this last approach is to use the large N duality between Chern-Simons on S 3 and topological closed strings on the S 2 resolved conifold as a tool to define the non perturbative contributions to the N = 1 Super Yang-Mills superpotential [9] .
From the brane-flux interpretation of open-closed dualities it is natural to expect that the closed string dual is defined by some target geometry in addition to some RR and NSNS fluxes.
In particular in our case of interest we will deal with the resolved conifold with extra RR and NSNS fluxes [7] . Our first interest in this paper is to understand the open string ancestor of the NSNS flux. We find that this flux is directly related to the closed string sector dilaton tadpole associated with the annulus amplitude of the open topological string.
Dilaton tadpoles has been considered in critical string theories from the point of view of Fischler-Susskind [10] mechanism as a way to modify the target space-time. However we can also consider this mechanism from a holographic (or non critical) point of view. As we will show, we can directly read the geometrical warping factors of the Klebanov-Strassler geometry [4] from the dilaton tadpoles, which is a different manifestation on the well known relation between NSNS fluxes and geometrical warping factors [11] . The paper will be organized as follows. In section 2 we review the connection between the non perturbative free energy for Chern-Simons on S 3 and the non perturbative contributions to the N = 1 superpotential. The complete derivation of the Veneziano-Yankielowicz superpotential for N = 1 requires to take into account both the non perturbative contribution to the Chern-Simons genus zero free energy and also the annulus dilaton tadpole for the open topological string. Once we have the two ingredients we can identify the dynamically generated scale of N = 1 super Yang-Mills with the IR cutoff appearing in the computation of the annulus dilaton tadpole. In section 3 we discuss the superpotential from the closed string point of view on the mirror B model, deriving the expected N supersymmetric vacua of N = 1 Super Yang-Mills from the condition D t W = 0. In section 4, using a holographic version of Fischler-Susskind mechanism, we relate the annulus dilaton tadpole to the warping factor in N = 1 supergravity duals as the Klebanov-Strassler metric. We end the paper with two short appendices where we include some technical material.
2 Topological Strings Amplitudes and N = 1 Superpotentials
F-Terms and Topological Amplitudes: Closed String Case
We will start considering A model closed topological strings on a Calabi-Yau threefold X. The string amplitude is given by the genus expansion
where λ s is the string coupling constant, t the complexified Kähler parameter of X and F g (t) =
with F d,g the Gromov-Witten invariants. It was shown in [12, 13] that the closed string amplitude F g (t) for the topological twisted theory determines a four dimensional effective supergravity lagrangian for the corresponding type IIA string theory compactified on X, namely
for graviton-graviphoton interactions. After adding RR fluxes we get [14, 15] an effective superpotential for the moduli superfield t
where F 0 is the genus zero topological string amplitude for the Calabi-Yau threefold X before introducing the fluxes and where L and P are defined as
and
for k the complexified Kähler form. In (3) we have assumed a two form RR flux equal N. Notice that in the superpotential given by (3) enters the closed topological string amplitude for the Calabi-Yau manifold defined before adding the fluxes. This is correct only if these topological amplitudes are unaffected by the gravitational back reaction of RR fluxes. In appendix A we present a short discussion on this result [7] . If we consider the type B mirror version on the mirror Calabi-Yau X * fluxes generate the superpotential [16, 14, 17 ]
with τ the type IIB coupling. Adding NSNS fluxes in the B-model is mirror to add NSNS fluxes in the type A model, where NSNS fluxes appear as imaginary parts into N, L and P [7] . We will study in detail the type-B mirror in section 3. 
Open topological amplitudes and Chern-Simons gauge theory
with S = trW 2 the N = 1 glueball superfield.
From the worldsheet point of view the open topological string amplitudes F 0,h (t) are defined by the lagrangian
with w the Kähler form. Changes in t are pure BRST, thus we can work at large t, corresponding to the large volume limit of the target space-time metric, where string theory reduces to ordinary field theory.
For the deformed conifold target space T * S 3 with S 3 the lagrangian submanifold, the large t limit of the topological open string amplitudes F 0,h (t) is related [18] to planar h loop vacuum to vacuum amplitudes for three dimensional Chern-Simons (CS) gauge theory defined on S 3 .
Denoting λ = N k+N the t'Hooft coupling for U(N) Chern-Simons gauge theory, with k the level, the loop expansion of the genus zero planar contribution for the free energy is given by 1 [3] :
We can write (9) as
Coming back to (7) we can write:
with
Using now that in the large t limit F CS 0,2p = F 0,h (t) for h = 2p and p > 1 we can define
1 We define the Chern-Simons free energy via
This induces a non-perturbative contribution for F (S), namely
coming from the non-analytic piece of (10) . Using now (11) this will generate a VenezianoYankielowicz (VY) [9] type of superpotential for S.
At this point we have to remark that the evaluation λ = S is, clearly, formal. We need to add an energy scale λ 0 inside the log in order to get dimensional consistency. Then, we write
Open-Closed Duality
Recently it was shown by Gopakumar and Vafa (GV) [3] that the Chern-Simons free energy exactly coincide with closed string type A topological amplitude for the resolved conifold provided
between Chern-Simons 't Hooft coupling λ and the complexified Kähler parameter t S 2 for the S 2 blow up of the resolved conifold. Since (16) implies that t S 2 is pure imaginary we get that the contribution to the complexified Kähler parameter of the S 2 resolved conifold comes from a non vanishing NSNS two form flux.
Open String Tadpoles and Closed String Fluxes
Coming back to equation (7) we observe the existence of an open string annulus contribution of type NF 0,2 (t)S. On the other hand, if we formally read the log term in (9) as a nonperturbative definition of F CS 0,2 , we get from NF 0,2 (t)S, as we did before, the SlogS piece of the VY superpotential. However, the Chern-Simons gauge theory is only taking into account the open string spectrum of the open topological string. In principle we can have for the open string annulus amplitude a closed string spectrum contribution coming from the dilaton tadpole. In what follows we will consider this tadpole term in addition to the Chern-Simons non perturbative piece (15) coming from the non analytic part of (9) .
The annulus amplitude we want to compute is given by [12] 
where the trace is over the states of the open topological string theory defined in the Calabi-Yau manifold, L is the modulus of the annulus, H is the Hamiltonian of the string theory and the insertion of the worldsheet fermion number operator F comes from the fact that the theory is twisted. Because we are in a topological theory the massive states correspond to pure BRST excitations so we can ignore them and consider that the trace is only over the ground states (g.s.) of the topological string. This leads to
This integral has both ultraviolet and infrared divergences that need a regulator. The ultraviolet divergence can be regulated simply by introducing a cutoff in the lower limit of integration in the L-integral. The infrared divergence is regularized by introducing a sort of mass gap in the Hamiltonian of the theory, so we get
where 
In order to define the non perturbative N = 1 superpotential we will use (15) and the tadpole contribution (20) obtaining
which is the VY superpotential for N = 1 SYM 2 . In this way we observe that the stringy scale m 3 becomes precisely the expectation value < S > for the glueball superfield and that the tadpole contribution is nothing else than the running of the Yang-Mills coupling for the gauge theory 8π
Once we arrive to (21) we can ask ourselves on the closed string dual of the tadpole term we have included. Coming back to (3) (6) type of superpotentials we observe that the tadpole term can be directly identified with the NSNS flux contribution
As we will see in section 3 working out the mirror type B model, this identification provides a new interpretation of the stringy scale m, namely as the size of the compact 3-cycle S 3 and of λ 0 as the cutoff of non compact cycles for the deformed conifold.
Fischler-Susskind Mechanism and Holography
At this point the reader can wonder on the meaning of the string scale m in standard string theory. Of course we know that dilaton tadpoles induce modifications of the string background by the Fischler-Susskind (FS) mechanism [10] . In that case the string background is obtained by fixing the string beta function equal to zero, where in the beta function are considered both the non linear sigma model and the tadpole contribution. When you proceed in that way you are blind to the scale m, in fact you define your string background imposing independence on m and λ 0 . The situation is completely different when you interpret the tadpole contribution from a holographic point of view 3 . In that case you interpret the cutoff λ 0 as holographic coordinate 4 and the tadpole as defining a geometrical warping factor. This produces a new geometrical and quite natural interpretation of m namely as the "repulson singularity scale" where the warping factor vanishes. We will work out this interpretation in connection with Klebanov-Strassler geometry [4] for N = 1 super Yang Mills in section 4.
VY Superpotential and the Deformed Conifold
In this section we consider closed topological strings of type B on the deformed conifold. Before going into the details of the computation [19, 8] , let us briefly review some generalities on flux induced superpotentials.
If we consider a compact Calabi-Yau threefold X * and we denote by t the moduli coordinates characterizing the complex structure, the superpotential W (t) for the corresponding moduli superfields is a section of a line bundle on the moduli of complex structures. Before adding fluxes the complex structure moduli are completely undetermined. However, after adding fluxes for the 3-form G 3 = (H RR + τ H N SN S ) and if we want to preserve N = 1 supersymmetry in four dimensions, the complex structure must be such that for the corresponding Hodge
An interesting case appears when we have domain walls interpolating between different vacua. In this situation the domain wall tension is directly given by
3 )
where G 
for ∂X * the region near infinity in X * . Moreover in the non compact case the Poincare dual is defined by
The non-vanishing of (25) means that, although W = ∂ t W = 0 on one of the vacua, there are other vacua at which W is different from zero. Moreover, if we want to preserve supersymmetry we must impose
for K the Kähler potential of the moduli space of complex structures on X *
For non vanishing W this is only possible if ∂ t W is also non vanishing. This means that the G 3 form on different vacua gets non vanishing (0, 3) and (1, 2) components. Let us see this phenomenon explicitly for the deformed conifold.
The superpotential
The deformed conifold (see appendix B.1) T * S 3 is defined by
We take a canonical homology basis of three cycles (A 0 , A, B 0 , B) and its dual basis (
of integer 3-forms. We can write, neglecting the contributions coming from A 0 B 0
where Ω is the holomorphic three-form of T * S 3 . In the units we use
which leads to
Due to the non-compactness of T * S 3 , B is a non-compact 3-cycle. In order to be able to compute W we have to compactify T * S 3 by introducing a cutoff ρ 2 c in the non-compact coordinate
It is useful to work with a cut-off with dimensions of [energy] 3 . We use
With this notation, we have
These periods can be used as projective coordinates on the moduli space of complex structures on T * S 3 . In this case, there is only one complex moduli coordinate t = φ φ 0 . As it is known from special geometry, the periods that correspond to B and B 0 can be written in terms of a prepotential F (φ 0 , φ), which is a homogeneous function of degree 2. In particular
quantity which can be computed by using (34) , with the result
On the other hand, for the fluxes we have
where N corresponds to the number of D5-branes wrapped on the blown-up of the resolved conifold we have in the open string side of the duality, and
The latter identification comes from the usual one in the gauge/gravity correspondence. Namely, g Y M (φ 0 ) and θ Y M are the Yang-Mills coupling constant and the theta-angle for the effective action of a probe D5-brane wrapped on the 2-cycle S 2 defined as the intersection of B with the submanifold ρ = ρ c . Putting (39),(40), (42) and (43) together we get
Supersymmetric vacua for the superpotential (44) should be defined by imposing condition (28) . In the UV, at which
Thus, by using
with a an integration constant, we get as solution to (28), at first order in
with n = 0, 1, ..., N − 1. Using the identification S ∼ φ, which is the mirror of t S 2 = iλ| λ=S , the N different vacua (48) can be interpreted as the N vev of S for N = 1 super Yang-Mills. In this identification it is clear that the modulus φ plays the role of the dynamically generated scale Λ N =1 . We also see that different vacua (48) correspond to changes of
Thus, using (43), these different supersymmetric vacua should correspond to different G 3 forms. As discussed in the appendix B, a transformation for G 3 that goes from a vacua to another one can be seen as a displacement of the angular coordinate ψ of the deformed conifold: ψ → ψ−ψ 0 . Since in the case of the deformed conifold the generator of
, we have
and, for the domain wall tension ∆W ∼ φ
Taking into account that the generator of
, and using the fact that the self intersection number A · A is given by the number of generators of the symmetry transformation of type z a → e i ∆ψ 2 z a , we get
As a concrete example we can consider (see appendix B.2) the Klebanov-Strassler supersymmetric vacuum. This vacuum is defined by a G 3 -form which is of (2,1)-type. For this form clearly W = ∂ t W = 0. However, in order to make contact with the vacuum structure of N = 1 super Yang-Mills we need N different supersymmetric vacua with the corresponding domain walls. These vacua are found by applying N different ψ → ψ − ψ 0 transformations to the Klebanov-Strassler solution. As discussed in the appendix B, after one of this transformation is done, G 3 is no longer a (2, 1)-form and, therefore, W = 0 and ∂ t W = 0. There are only N transformations of this type (including the identity) and not the whole U(1) because only for these N transformation we get a configuration for which D t W = 0.
The renormalization group
Finally, let us see that we can use (28) and its corresponding solutions (48) as a way to define the beta-function. By imposing that the modulus of the value found for φ is a renormalization group invariant and taking into account the corrections to (48) to order e −τc , being cosh τ c = φ 0 φ (see appendix B.1), we find
In order to compute
we also need a relation between the coordinate τ c and the scale µ at which the gauge theory is defined. This is called the energy/radius relation. We use the one proposed by [20] 
By applying (52) and (54) to (53) we get
which is approximately exact in the UV and receives corrections of order O e 
(57)
Fluxes, Tadpoles and Holographic Interpretation
In section 2 we have derived the following VY type of superpotential for the N = 1 glueball
The two pieces of (58) are coming respectively from the non perturbative free energy of ChernSimons at genus zero and the tadpole annulus contribution. The cutoff λ 0 in (58) plays the role of renormalization group scale and m the role of the dynamically generated scale λ N =1 of N = 1 super Yang-Mills. Of course in (58) we must fix the value of J to be consistent with the renormalization group running of the Yang-Mills coupling constant.
Recall that m in (58) is coming from the way we regulate the tadpole contribution in the IR. As explained in section 2, this "stringy" scale is in general hidden when we look for critical string backgrounds. In fact, when we consider the contributions to the worldsheet conformal anomaly both from the sigma model and the one from the loop string tadpole we get for the target space-time metric g which leads us, by FS mechanism, to a target metric with cosmological constant proportional to the dilaton tadpole. However in our case we can interpret the effect of the dilaton tadpole in a non critical holographic way [23, 24] , namely we can think the effect of the dilaton tadpole as inducing a change in the internal Calabi-Yau manifold of type
(60)
Here we have taking into account that the Calabi-Yau manifold is Ricci-flat. Interpretation (60) is consistent with reading λ 0 as a sort of holographic coordinate. Of course, in order to get a consistent target space-time solution, we must consider the complete 10-dimensional metric. We use here the Klebanov-Tseytlin (KT) solution [25] , which is a singular solution found for the Klebanov-Strassler system before the deformation of the conifold was proposed as a mechanism of desingularization. It is given by
(62) being ds 2 6 the Ricci-flat Kähler metric of the singular conifold [32] and being
where U = r α ′ is the holographic coordinate and r = 3 2 ρ 2/3 . We are working in the limit α ′ → 0, U fixed. This metric has a naked singularity at
Interpreting U as a renormalization group scale for the gauge theory requires [26] 
For the KT solution
At this point, which is called the enhançon locus [27] , the supergravity solution stop to be valid. One says in this case that the singularity is of "repulson" type. In order to make contact between (62) and the ansatz (60) we should remember that the singular conifold is a cone [32] . Then
Including the effect of the tadpole as in (60) we get
If we consider the KT solution at U ≃ U 0 , which is the zone where the gauge group of the dual theory is SU(N), we get
which corresponds to the tadpole solution (68) if we identify λ 0 with the holographic coordinate U and the stringy scale m to be of order of the scale at which the naked singularity is located, which is, after the desingularization via deformation of the conifold [4] , the scale (37). Thus, we see that the holographic meaning of m is related to the existence of a naked singularity surrounded by a region where supergravity is not valid and, therefore, with the mechanism of deformation of the geometry.
Notice that in general the warping factors are a backreaction effect of the NSNS fluxes. Here we have directly associated the warping factor with the annulus tadpole. Notice that the contribution in (58) of the tadpole to the superpotential is exactly the same we get in section 3 from the NSNS flux.
A Topological free energy in presence of RR flux
In this appendix we will sketch the proof of the independence of the topological free energy when we turn on RR fluxes. We will do that in aĉ = 5 model that, for the set of amplitudes that we are considering, is equivalent to the critical RNS superstring [28, 29, 30] .
The action for the topological model is
where x m are bosons and p α , τ α are space-time fermions (in four dimensions). S c is the action for a superconformal field theory associated with a Calabi-Yau six dimensional manifold.
This formulation presents a N = 2 (twisted) superconformal symmetry. The generators can be written
for the left-moving side and the same but using barred variables for the right-moving side. For our purposes we need two kinds of vertex operators
where
is the self-dual graviphoton field strength and
is the self-dual Riemann tensor
5
Note that this vertex have no Calabi-Yau dependence and that the four dimensional part of the model is simply theĉ = 2 self-dual string.
σ is an element of G + c cohomology with +1 U(1) c charge. σ can be associated with a cycle in H (1,1) (X) where X is the Calabi-Yau. Φ live in the G + 4d cohomology. Φ| τ =τ =0 = t is a chiral modulus of the Calabi-Yau, and D αDβ Φ| τ =τ =0 is the self-dual RR flux associated with the modulus. This last identification is quite technical and comes from the precise relation of the formalism that we are considering and the standard RNS string (see [31] for precise details).
On this model we have that genus g scattering amplitude take the form
where µ are the Beltrami differentials and m the moduli parameters. Looking at the scattering amplitudes you can see that for U(1) charge conservation we have the selection rule Let us choose 2g of the Beltrami differentials and moduli as the locations of the graviphoton vertex operators. Then the amplitude takes the form
Note that (3 − 3g) U(1) charges is needed for the internal sector so only G The condition of chiral primarity for a general vertex operator is that σ have to be a primary of the 6d theory and
but this condition is not needed in the amplitudes considered above because only the 6d part of G − contribute because of the selection rule. The condition of "decoupling" of the 4d part of G − is also necessary to prove the space-time supersymmetry of the amplitude.
We want now to extract the corresponding 4d F-terms associated with this amplitude. In order to do this we have to integrate over the zero modes of the x, τ,τ fields and use the graviphoton vertex to absorb the p zero modes. We need to remember that the ττ component of R is the self dual graviphoton field strength F αβ . Using this the amplitude takes the form
so the associated F-term looks
where f depends only of the N = 2 ,ĉ = 2 theory. This is an example of factorization of the amplitude into 4d and 6d parts. If the 6d amplitudes can be defined in terms of a prepotential that depends of the Kähler moduli (in the IIa case) or the complex structure moduli (in the
B Deformed conifold geometry and Klebanov-Strassler solution
B.1 U(1) transformations in the deformed conifold
The deformed conifold B b is a non-compact Calabi-Yau threefold defined by [32] = π. 6 We take ǫ to be real By splitting z a into its real and imaginary parts z a = x a + iy a one can see that
where the 3-cycle S 3 , which we call A, is given by y a = 0. We take as the non-compact coordinate
Then ρ ≥ ǫ. The sections ρ = cte = ǫ have the topology S 3 × S 2 . Another useful coordinate is τ , given by
For the whole Calabi-Yau we use the parametrization
having, in addition to (B.2), the coordinates
since ψ i ∈ [0, 2π). It is easy to see that, whereas for B || the transformation z a → e i ∆ψ 2
is the same as the transformation ψ → ψ + δψ, provided that ∆ψ = δψ, for B b the relation between both transformations is no longer straightforward. This implies in particular that, under
all the z a changes in the way
One can see that after this transformation the A-cycle, which is A : ρ = ǫ; θ 2 = 0; φ 2 = 0 (B.11)
is the same as before, whereas the B-cycle being B the compactified B-period of (B.12) and c is an arbitrary constant. As it is proved in [33] , G 3 is a (2, 1)-form. Expressed in terms of the obvious 1-forms on the deformed conifold: dz a , dz a , a = 1, 2, 3, 4 [34] : 
